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Many racetrack bettors have systems. Since thek ima market similar in many ways to the
stock market one would expect that the basic gjresewould be either fundamental or technical
in nature. Fundamental strategies utilize pastdatailable from racing forms, special sources,
etc. to “handicap” races. The investor then wagersone or more horses whose probability of
winning exceeds that determined by the odds byrauat sufficient to overcome the track take.
Technical systems require less information and atilize current betting data. They attempt to
find inefficiencies in the “market” and bet on sutverlays” when they have positive expected
value. Previous studies and our data confirm fleatwin bets these inefficiencies, which exist
for underbet favorites and overbet longshots, ao¢ sufficiently great to result in positive
profits.

This paper describes a technical system for plawt ghow betting for which it appears to be
possible to make substantial positive profits amdstto demonstrate market inefficiency in a
weak form sense. Estimated theoretical probabdinf all possible finishes are compared with
the actual amounts bet to determine profitable ibgttsituations. Since the amount bet
influences the odds and theory suggests that tanmeex long run growth a logarithmic utility
function is appropriate, the resulting model is@hnear program. Side calculations generally
reduce the number of possible bets in any onet@ateree or less, hence the actual optimization
is quite simple. The system was tested on data $anta Anita and Exhibition Park using exact
and approximate solutions (that make the systematipeal at the track given the limited time
available for placing bets) and found to producebsantial positive profits. A model is
developed to demonstrate that the profits are noé do chance but rather to proper
identification of market inefficiencies.
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Berkeley, respectively. Without implicating theme would like to thank Michael Alhadeff of Longacieacetrack
in Seattle, the American Totalizator Corporatiow déime staff of the Jockey Club at Exhibition PankMancouver
for helping us obtain the data used in this stahy] M.J. Brennan and E.U. Choo for helpful disaussi Thanks
are also due to V.S. Bawa, J.R. Ritter, and twagnmmus referees for helpful comments on an eadliaft of this
paper. This paper is a condensation of Hauscimi@aeand Rubinstein (1980).



1. The Racetrack Market

For the most part,academic research on security markets has bypassedteresting and
accessible market—the racetrack for thoroughbreddse—with its highly standardized form of
security—the tote ticket. The racetrack sharesymanthe characteristics of the archtypical
securities market in listed common stocks. Moredhe racetrack gains further interest from its
significant differences, and more importantly, hesmit is inherently a more elementary market
context, lacking many of the dynamic features witichplicate analysis of the stock market.

The “market” at the track in North America converfes about 20 minutes, during which
participants place bets on any number of the sikmveve horses in the following race. In a
typical race, participants can bet on each hoiisieereto win, place or shofv. The horses that
finish the race first, second or third are saidinesh “in-the-money.” All participants who have
bet a horse to win, realize a positive return at tiet only if the horse is first, while a place be
realizes a positive return if the horse is firssecond, and a show bet realizes a positive réturn
the horse is first, second or third. Regardlesshefoutcome, all bets have limited liability.
Unlike most casino games such as roulette, butthieestock market, security prices (i.e. the
“odds”) are jointly determined by all participargsd a rule governing transaction costs (i.e. the
track “take”). To take the simplest case, for vat,bets across all horses to win are aggregated
to form the win pool. W represents the total amount bet by all participamt horse to win,
thenW = 3W is the win pool an®WQW is the payoff per dollar bet on hors¢éo win if and
only if horsei wins, where 1 -Q is the percentage transaction cdsi§ horsei does not win, the
payoff per dollar bet is zero.

The track is “competitive” in the sense that eveojlar bet on horseto win, regardless of the
identification of the bettor, has the same paydiifie “state contingent” price of a dollar received
if and only if horse wins is p, = (W, /WQ) and the one plus riskless returnli®, p. =Q, a
number less than one. The interest rate at tlo& tsathus negative and solely determined by the
level of transactions costs. Thus, apart fromygeneously set riskless rate, the participants at
the track jointly determine the security pricesor Example, by betting more on one horse than
another, the state-contingent price of the firstshoincreases relative to the second, or
alternatively the payoff per dollar bet decreaseshe first relative to the second.

The rules for division of the place and show paois slightly more complex than the win pool.
Let P; be the amount bet on horsto place and® = 3;P; be the place pool. Similarl§ is the
amount bet on hordeto show and the show pool3$s= 2«S.. The payoff per dollar bet on horse
j to place is

! For surveys, see Copeland and Weston (1979), Ex978, 1976), and Rubinstein (1975).

2 Other bets such as the daily double (pick the wisiin the first and second race), the quinellak(ghe first two
finishers regardless of order in a given race) tedexacta (pick the first two finishers in exaotler in a given
race) as well as various combinations are possiblevell. Such bets are utilized by the public emstruct low
probability high payoff bets. For discussion ofreoof the implications of such bets see Rosett%196

® The actual transactions cost is more complicatedisidescribed below.



1+ PQ-Pi—-P]/(2P) if i is first and is second or
j is first andi is second

0 otherwise.

Thus, if horse$ andj are first and second, each bettorj dand alsa) to place first receives the
amount of his bet back. The remaining amount éypdace pool, after the track take, is then split
evenly between the place bettorsioandj. The payoff to horsg to place is independent of
whethey finishes first or second, but it is dependent dnclv horse finishes with it. A bettor on
horsej to place hopes that a longshot, not a favorit# fimish with it.

The payoff per dollar bet on show is analogous

1+[BQ-S-S-S]/@3S) if k is first, second or third and finishes with
i andj

0 otherwise.

In many ways the racetrack is like the stock markéetechnical strategy based on discrepancies
between the amounts bet on the same horses t@laoe and show, is examined in this paper.
Since a short position has a perfectly negativeetaed outcome to the result of normal bet, a
given horse can be “shorted” by buying tickets bth@ other horses in a race.

The racetrack also differs from the stock marketnportant ways. In the stock market, an
investor’s profit depends not only on the initialge he pays for a security, but also on what
some other investor is willing to pay him for it @he decides to sell. Thus his profit depends
not only on how well the underlying firm does inmes of earnings over the time he holds it
stock (i.e. supply uncertainty), but also on hoheotinvestors value that stock in the future (i.e.
demand uncertainty). Given the initial price, batle nature and behavior of other market
participants determine his profit. Thus currenbckt prices might depend not only on
“fundamental” factors but also on market “psychgibgthe tastes, beliefs, and endowments of
other investors, etc. In contrast once all beéspaced at the track prior to a given race (i.e.
initial security prices are given), the result loé race and the corresponding payoffs depend only
on nature. There is no demand uncertainty atrtut

2. PreviousWork on Racetrack Efficiency

A market is efficient if current security pricedljureflect all available relevant information. If
this is the case, experts should not be able teeeelhigher than average returns with regularity.
A number of investigators have demonstrated thatNlew York Stock Exchange and other
major security markets are efficient and so-caéiggderts in fact achieve returns when adjusted
for risk that are no higher than those that woutdrbceived from random investments (see
Copeland and Weston (1979), Fama (1970, 1976) ambinBein (1975) for discussion,
terminology, and relevant references). For an gixae see Downes and Dyckman (1973).



Snyder (1978) provided an investigation of thecgfficy of the market for racetrack bets to win.
The question Snyder poses is whether or not betgfatent odds levels yield the same average
return. The rate of return for odds graup

_ Ni* (Oi +1) - Ni
N.

R

whereN; and N are the number of horses, and the number who wespgctively, at odd®; =

(WQW - 1). A weakly-efficient market in Snyder’s sengauld setR = Q for alli where 1 -Q

is the percentage track take. His results as aglthose of Fabricant (1965), Griffith (1949,
1961), McClothlin (1956), Seligman (1975) and Weian (1965) suggest that there are “strong
and stable biases, but these are not large enaugtake it possible to earn a positive profit”
(Snyder (1978), p. 1110). In particular, extreragofites tend to be under bet and longshots
overbet. The combined results of several studmesparing over 30,000 races are summarized
in Table 1.

TABLE 1 (Snyder (1978))

Rates of Return on Bets to Win by Grouped Odds Adkled Back

Midpoint of grouped odds

Study 0.75 1.25 2.5 50 7.5 10.0 15.0 33.0
Fabricant 113 9.0 4.6" -1.4 -3.3 -3.7 -8.1 -39.5
Griffith 8.0 4.9 3.1 -3.1 -34.6 -34.7 -10.5 -65.5
McGlothlin 8.0b 8.0% 8.0¢ -0.8 -4.6 7.0 -9.7 -11.0
Seligman 14.0 4.0 -1.0 1.0 -2.0 -4.0 -7.8 -24.2
Snyder 55 55 4.0 -1.2 3.4 2.9 2.4 -15.8
Weitzman 9.0 3.2 6.8 -1.3 -4.2 5.1 8.2 -18.0°
Combined 94 6.4 6.12 -1.2 5.2 5.2 -10.2 -23.7

& Significantly different from zero at 1% level oeteer.
® Significantly different from zero at 5% level oether.

Since the track take averages about 18%, the teebfaeturn for any strategy that consistently
bets within a single odds category is —9% or ld33st horses with odds averaging 33 the net rate
of return is about —42%.

Conventional financial theory does not explain éhbmses because it is usual to assume that as
nondiversifiable risk (e.g. variance) rises expectgurn rises as well. In the win pool, expected
return declines as risk increases. An explanatarsistent with the expected utility hypothesis
is that investors (as a composite) are risk lowers behave as if the betting opportunities are
limited to a single race. Weitzman (1965) and (AB77) have estimated such utility functions.
Ali’s estimated utility function over wealtl is the convex function



u(x) = 1.19w*1784 (R* = .9981)

which has increasing absolute risk aversion. Thyshe Arrow-Pratt (1964, 1965) theory
investors will take more risk as their wealth deei. This explains the common phenomenon
that bettors, when losing, tend to bet more andemarlonger odds horses in a desperate attempt
to recoup earlier losses. Moreover, sinae nearly linear for large, investors are nearly risk
neutral at such wealth levels.

A second explanation is that gamblers simply prkferprobability high prize combinations (i.e.
longshots) to high probability low prize combinatso Besides the possible gains involved,
gamblers have egos associated with analyzing rdomgs and pitting one’s predictions against
others. Luck and entertainment as well are largélsent in betting favorites. The thrill is to
successfully detect a moderate or long odds wiandrthus confirm one’s ability to outperform
the other bettors. Such a scenario is consistéht the data and leads to the biases. Rossett
(1965) provides an analysis of ways to construet poobability-high prize bets through parlays
and other combinations that can be used to avaddhgshot tail bias problem and to take
advantage of the favorite bias. In an effort tpitsdize on this market, many tracks feature such
bets in the form of the daily double, the exacta #me quinella. However, none of these
schemes appear to yield bets with positive netmsfu

Other studies of racetrack efficiency have beerdaoted by Ali (1979), Figlewski (1979) and
Snyder (1978). Ali shows that the win market igcednt in the sense that independently derived
bets with identical probabilities of winning do fact have the same odds in a statistical sense.
His analysis utilizes daily double bets and theegponding parlays, i.e. bet the proceeds if the
chosen horse wins the first race on the chosenehiwrsthe second race, for 1089 races.
Figlewski, using a multinomial logit probability rdel to measure the information content of the
forecasts of professional handicappers and data 89 races at Belmont in 1977, found that
these forecasts do contain considerable informabiointhe track odds generated by bettors
discount almost all of it. Snyder provided strdogn efficiency tests of the form: are there
persons with special information that would alldvern to outperform the general public? He
found using data on 846 races at Arlington ParlCimcago that forecasts from three leading
newspapers, the daily racing form and the offitiatk handicapper did not lead to bets that
outperformed the general public.

3. Proposed Test

The studies described in Section 2 examine radetéciency with respect to the win pool
only. In this paper our concern is with the e#fiecy of the place and show pools relative to the
win pool and with the development of proceduredést capitalize on potential inefficiencies
between these three “markets.” We utilize theofeihg definition of weak-form efficiency: the
market is weakly-efficient if no individual can egoositive profits using trading rules based on
historical price information. In Baumol’s (1965, 46) words ... “all opportunities for profit by
systematic betting are eliminated.” Our analysiszes the following two data sets: 1) Data Set

* For an entertaining account of an “expert” who ahte to achieve positive net returns over a fadimg season,
see Beyer (1978). See also Vergin (1977).



1: all dollar bets to win, place and show for 88 races over 75 days involving 5,895 horses
running in the 1973/74 winter season at Santa AR#aetrack in Arcadia, California, collected
by Mark Rubinstein; and 2) Data Set 2: all dobats to win, place and show for the 1,065 races
over 110 days involving 9,037 horses running in 188 summer season at Exhibition Park,
Vancouver, British Columbia, collected by Donaldudeh and William Ziemba.

In the analysis of the efficiency of the win poohe may compare the actual frequency of
winning with the theoretical probability of winnings reflected through the odds. Similar
analyses are possible for the place and show poote an estimate of the theoretical
probabilities of placing and showing for all horseavailable. There is no unique way to obtain
these estimates. However, very reasonable essnodi@in from the natural generalization of
the following simple procedure. Suppose three d®tsmve probabilities to win of 0.5, 0.3, and
0.2, respectively. Now if horse 2 wins, a Bayesiaiuld naturally expect that the probabilities
that horses 1 and 3 place (i.e. win second plaee)).&/0.7 and 0.2/0.7, respectively. In general,
if g (i=1,...n)is the probability horsewins, then the probability thais first andj is second

is

@)/ -a) (1)

and the probability thatis first,j is second anHlis third is

aga/(l —ag)1-a-q) (2

Harville (1973) gives an analysis of these formul@sespite their apparent reasonableness they
suffer from at least two flaws:

1) no account is made of the possibility of thelkiSullivan” problem; that is,

some horses generally either win or finish outhe&-tnoney—for example, see
footnote 5 in Hausch, Ziemba and Rubinstein (1986j; these horses the
formulas greatly over-estimate the true probabitifyfinishing second or third;

and

2) the formulas are not derivable from first prpies involving individual horses
running times; even independence of these randamablesT,,. . .,T, is neither
necessary nor sufficient to imply the formulas.

In addition to assuming (1) and (2), we assume that

4 =W/SW @)

i=1

That is, the win pool is efficient. The discussaivove, of course, indicates that this assumption
is suspect in the tails, and this is discussedvheldable 2a-c compares the actual versus
theoretical probability of winning, placing and shing for data set 2. Similar tables for data set
1 appear in King (1978); see also Harville (1973)he usual tail biases appear in Table 2a
(although they are not significant at the 5% coetlick level). One has reverse tail biases in the



finishing second and third probabilities, see Talilb and 2c in Hausch, Ziemba and Rubinstein
(1980). This occurs because if the probabilitywion is overestimated (underestimated) and
probabilities sum to one, it is likely that the pabilities of finishing second and third would be

underestimated (overestimated). Tables 2b andn@8gate how these biases tend to cancel
when thgy are aggregated to form the theoreticalbalilities and frequencies of placing and

showing:

TABLE 2

Actual vs. Theoretical Probability of Winning, Pilag and Showing: Exhibition Park 1978

(@) Theoretical Number Average Actual Estimated
Probability of of Theoretical Frequency Standard
Winning Horses Probability of Winning Error
0.000 — 0.025 540 0.019 0.016 0.005
0.026 — 0.050 1,498 0.037 0.036 0.005
0.051 - 0.100 2,658 0.073 0.079 0.005
0.101 - 0.150 1,772 0.123 0.126 0.008
0.151 - 0.200 1,199 0.172 0.156 0.010
0.201 - 0.250 646 0.223 0.227 0.016
0.251 - 0.300 341 0.272 0.263 0.024
0.301 - 0.350 199 0.323 0.306 0.033
0.351 — 0.400 101 0.373 0.415 0.049
0.401+ 83 0.450 0.469 0.055
9,037

® Since it is the accuracy of these probabilitieberthan they’s that is of crucial importance in the calculagand
model below, this canceling provides some justiftcafor omitting the tail biases in (3). In priagt, bets are only
made on horses with expected returns considerdidyeal, e.g., 1.16 at Santa Anita. Modificationtlod g; to
include these biases might change the 1.16 to fot4&xample. See also the discussion below arfseittions 4
and 5.



(b) Theoretical Number Average Actual Estimated

Probability of of Theoretical Frequency Standard
Placing Horses Probability of Placing Error
0.000 - 0.025 21 0.022 0.000* 0.000
0.026 — 0.050 391 0.040 0.030 0.009
0.051 - 0.100 1,394 0.075 0.080 0.007
0.101 - 0.150 1,335 0.124 0.152* 0.010
0.151 - 0.200 1,295 0.174 0.174 0.011
0.201 - 0.250 1,057 0.223 0.243 0.013
0.251 - 0.300 871 0.274 0.304 0.016
0.301 - 0.350 772 0.323 0.314 0.017
0.351 - 0.400 580 0.373 0.313* 0.019
0.401 — 0.450 420 0.424 0.395 0.024
0.451 - 0.500 321 0.472 0.457 0.028
0.501 - 0.550 202 0.523 0.415* 0.035
0.551 - 0.600 149 0.573 0.483* 0.041
0.601 — 0.650 114 0.623 0.570 0.046
0.651 - 0.700 51 0.672 0.627 0.068
0.701 - 0.750 41 0.721 0.731 0.069
0.751+ 23 0.792 0.782 0.086

9,037




(c) Theoretical Number Average Actual Estimated

Probability of of Theoretical Frequency Standard
Showing Horses Probability of Showing Error
0.000 - 0.025 0 — — —
0.026 — 0.050 55 0.043 0.036 0.025
0.051 - 0.100 592 0.078 0.081 0.011
0.101 - 0.150 895 0.125 0.165* 0.012
0.151 - 0.200 909 0.175 0.195 0.013
0.201 - 0.250 799 0.224 0.292* 0.016
0.251 - 0.300 885 0.275 0.289 0.015
0.301 - 0.350 794 0.324 0.346 0.017
0.351 - 0.400 703 0.374 0.398 0.018
0.401 — 0.450 655 0.425 0.433 0.019
0.451 - 0.500 617 0.475 0.452 0.020
0.501 - 0.550 542 0.524 0.477* 0.021
0.551 - 0.600 396 0.573 0.477* 0.025
0.601 — 0.650 375 0.624 0.599 0.025
0.651 - 0.700 264 0.672 0.609* 0.030
0.701 - 0.750 206 0.722 0.582* 0.034
0.751 - 0.800 154 0.773 0.655* 0.038
0.801 — 0.850 113 0.821 0.752 0.041
0.851 - 0.900 53 0.873 0.830 0.052
0.901+ 30 0.925 0.833 0.068

9,037

& Categories for which the theoretical probabilindahe actual frequency are different at the 5%iBaance level
are denoted by *'s. The estimated standard esr@&/N)” where the actual frequency sample variasiceN(E(X?)
— E(X)/(N—-1). Since the; are either 0 or IE(X?) = EX ands? = N(EX — (EX?)/(N — 1).

Formulas (1)-(3) can be used to develop procedinasyield net rates of return for place and

show betting that are higher than expected (i.8%)land indeed make positive profits. As a

first step towards development of a “system,” wespnt the results on the two data sets of $1
bets when the theoretical expected retura fer varyinga. The expected return from a $1 bet

to place on horskis®’

EX’ = i(ﬂj{“i INT{Q( Pri)-U+R+P )j( 1 szoH
Z\1-q ) 20 2 1+P

j#l

® The expressions (4) and (5) give the marginal etguereturn for an additional $1 bet to place @vslon horsd.
To obtain the average expected rates of returrsonply replaces (1 p)) and (1 +g) in these expressions pyand
S, respectively. From a practical point of viewflwiisual track data, these quantities are virtuetytical.

" A further complication, not reflected in (4) an) pelow, is that a $2 winning bet must returnesst $2.10.
Hence in these “minus pools” involving an extrermedkite, the track’s take is less than @~



fea(©

(P+1)-(1+P+P

)

1
1+P

)]

whereQ is 1 minus the track tak®, = 2 P; is the place poolp; is bet on horsé to place and
INT(Y) means the largest integer not exceedindn (4) the quantitie® andP; are the amounts
bet before an additional $1 is bet; similarly withand S in (5), below. The expressions
involving INT take into account the fact that $2deeturn payoffs rounded down to the nearest
$0.10. The two expressions represent the expgetgdifs if | is first or second, respectively.
Similarly, the expected payoff from a $1 bet towtmn horsd is

S S L L SN PR Weny [ [~ CL Rl S R R0 (HE SRR
GG eae-a-q) |20 3 1+5) 7|
1 S S L L P (Q(s+1> (1+S+S+SKJ 1 00l
25 a-a)i-q-q) | 20 3 1+s) "]

n_ n d,9;9, y i Q(S+:|.)—(:|_+S| +Sj+S 1 x
+Z‘Z(l g)1-g —q) {“ 20”“{ 3 IHS] ZOH ©

whereS= }§ is the show pool§ is bet on horséto show and the three expressions represent
the expected payoffslifis first, second and third, respectively.

Naturally one would expect that positive profits uld not be obtained, given the inherent
inaccuracies in assumptions (1)-(3), unless therdteal expected retura were significantly
greater than 1. However, we might hope that theahcate of return would at least increase
with a and be somewhat near Table 3 indicates this is true for both dats.s€fhe perverse

behavior for higha in the place pool is presumably a small samplenpireenon. Additional
calculations along these lines appear in Harvilg/Q).
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TABLE 3

Results of Betting $1 to Place or Show on Horséis aviTheoretical Expected
Return of at Leastr

Exhibition Park

Place Show

o Number of Total Net Net Rate of Number of Total Net Net Rate of
Bets Profit ($)  Return (%) Bets Profit ($)  Return (%)

1.04 225 5.10 2.3 612 33.20 5.4
1.08 126 -10.10 -8.0 386 53.50 13.9
1.12 69 11.10 16.1 223 40.80 18.3
1.16 40 5.10 12.8 143 26.30 18.4
1.20 18 5.30 29.4 95 21.70 22.8
1.25 11 -2.70 -24.5 44 11.20 25.5
1.30 3 -3 -100.0 27 10.80 40.0
1.50 0 0 — 3 6 200.0

Santa Anita
Place Show

o Number of Total Net Net Rate of Number of Total Net Net Rate of
Bets Profit ($) Return (%) Bets Profit ($) Return (%)

1.04 103 12.30 11.9 307 -18.00 -5.9
1.08 52 12.80 24.6 162 6.90 4.3
1.12 22 9.20 41.8 89 3.00 3.4
1.16 7 2.30 32.9 46 12.40 27.0
1.20 3 -1.30 -43.3 27 6.20 23.0
1.25 0 0 — 9 6.00 66.7
1.30 0 0 — 5 5.10 102.0
1.50 0 0 — 0 0 —

4. A Betting Model

The results in Table 3 give a strong indicatiort thare are significant inefficiencies in the place

and show pools and that it is possible not onlyacbieve above average returns but to make
substantial profits. In this section we develom@del indicating not only which horses should

be bet but also how much should be bet, taking atwount investor preferences and wealth
levels and the effect of bet size on the odds.

We consider an investor having initial wealth contemplating a series of bets. It is natural to
suppose that the investor would wish to maximize Iing run rate of asset growth and thus
employ the so-called Bernoulli capital growth mqode¢e Ziemba and Vickson (1975) for
references and discussion of various assumptiothsesmults. We use the following result: if in
each time period = 1, 2, ... there aréinvestment opportunities with returns per unitested
denoted by the random variabbes ..., x;, wherex; have finitely many distinct values and for

11



distinctt the families are independent, then maximiztfigg 3 Aixi], subject tolAs < wg, A; = 0
maximizes the asymptotic rate of asset growth. @&ksumptions are quite reasonable in a
horseracing context because there are a finite Buireturn possibilities and the race by race
returns are likely to be nearly independent sinéerént horses will be running (although the
jockeys and trainers may not be).

The second key feature of the model is that it iclams an investor’s ability to influence the odds
by the size of his befs.This yields the following model to calculate thygtimal amounts to bet
for place and show.

n n n - d. P+ n _ 4+ D + P + P
MalelZeE E E qlq]qk |O Q( Z|=1 pl ) ( p| pJ I j )
{mHs} i=1 =1 E:-l-(l_q‘ )(:I._q| _qj) 2
J#l #i,]

X P, + pJ
p+R p+R

+QS+ZL3%WS+%+%+S+%+%)

(6)

subject toZ( p+s)sw, p=0,s520I=1..n,
=1

8 The first model to include this feature seemseddaacs (1953). Only win bets are considered kvigtar utility,
and he is able to determine the exact solutionldged form. His model may be useful in situatiovizere the
perfect market assumption (3) is violated or whsrecial expertise leads one to believe their estisnaf theg; are
better than those of the other bettors.

12



whereQ = 1 — the track takeM, P; and S, are the total dollar amounts bet to win, place and
show on the indicated horses by the crowd, resgagtiw = JW, P = JP; andS= }' S are the
win, place and show pools, respectivelys W/W is the theoretical probability that horiseins,
Wo is initial wealth angy ands are the investor’s bets to place and show on Horespectively.

The formulation (6) maximizes the expected loganmittof final wealth considering the
probabilities and payoffs from all possible horserdinishes. It is exact except for the minor
adjustment made that the rounding down to the se&@10 for a two-dollar bet, see (4) and (5),
is omitted® For the values of = 1.16 it was observed that in a given race at riwse p, and

threes were nonzero. When (6) is then simplified, it ¢&nsolved in less than 1 second of CPU
time!® A discussion of the generalized concavity prdpsrof (6) will appear in a forthcoming
paper by Kallberg and Ziemba.

The results are illustrated by function 1 in Figufeand 2 for the two data sets using an initial
wealth of $10,000. In both cases the bet proddiced (6) lead to well above average returns
and to positive profits® These results may be contrasted with randomnigetfiinction 2 in
Figures 1 and 2. Intuition suggests that SantaaAwith its larger betting pools would have
more accurate estimates of tgethan would be obtained at Exhibition Park. Hepositive
profits would result from lower values af The results bear this out, and only horses with
1.20 for Exhibition Park were considered for polsibets. Generally speaking the bets are
usually favorites and almost always on those honsth maximum W/W)/(P/P) and
(W/W)/(S/S) ratios. These ratios of the theoretical probgbibf winning to the track take
unadjusted odds to place or show form a type oft-lbesefit ratio that provides a first
approximation tax. This is discussed further in Section 5, beldMost of the bets are to show
and one tends to bet only about once per day. nih#&ers of bets and their size distribution are
presented in Table 4. As expected, the influentehe odds made by our investor's bets is
much greater at Exhibition Park, hence the betsetibend to be much smaller than at Santa
Anita. However, even there about 10% of the beteed $1,000.

° It is possible to include this feature in (6) itugreatly complicates the solution procedure (differentiability is
lost) with little added gain in accuracy.

19 Al calculations were made on UBC’s AMDAHL 470V6ddel || computer using a code for the generalized
reduced gradient algorithm.

" The procedure was to calculate the optimal befsiaoe and show in each race using (6) with thegewealth
level. The results of the race and the actual fiaybat reflect the track’s take and breakagekamvn. The payoff
for our investor's bets were calculated using h# bets of the crowd plus the bets of our invest&ing into
account the track’s take and breakage, i.e. theffmare thus those that would have occurred hadiraestor
actually made his bets. The wealth level was théjusted to reflect the race’s gain or loss, arepgtocedure
continued for all races.
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$10,000.

2 Approximate wealth level history for random hobssiting. Total dollars bet is as in system 1 @074). Track
payback is 82.5%; therefore final wealth level ID$00 — 0.175($116,074) = -$10,313. (Note: bagakis not
taken into consideration.)

% Results from using the Exhibition Park approxienaigression scheme (with initial wealth $2,500atta Anita.

FIGURE 1. Wealth Level Histories for Alternativeing Schemes; Santa Anita: 1973/74 Season.

The log formulation has absolute risk aversion, Which for wealth around $10,000 is virtually
zero. Zero absolute risk aversion is, of coursbjewved by linear utility. One then will bet on
the horse (or horses) with the highastetc., continuing until there are no favorablesbat the
betting wealth has been fully utilized. The reswit such linear utility betting withvg = $10,000
are: at Exhibition Park witti > 1.20, final wealth is $14,818; at Santa Anita veitk 1.16, final
wealth is $10,910. Such a strategy is a very riky and leads to some very large bets. The log
function has the distinct advantage that it imphegative infinite utility at zero wealth; hence
bets having any significant probability of yieldifigal wealth near zero are avoided.
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FIGURE 2. Wealth Level Histories for Alternativeing Schemes; Exhibition Park: 1978 Season.
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TABLE 4
Size Distribution of Bets,g# $10,000, Log Utility

Santa Anita Exhibition Park
Place Show Place Show

% of % of % of % of $ % of % of % of % of

Size Bets $Bet Bets Bet Bets $Bet Bets $Bet
0-50 7.1 0.3 2.6 0.1 29.4 3.6 17.0 1.0
51 -100 0 0 1.3 0.1 23.5 6.7 13.8 2.8
101 - 200 0 0 3.9 0.4 5.9 2.9 22.3 9.3
201 - 300 21.4 6.1 5.2 1.0 5.9 4.4 14.9 10.3
301 -500 7.1 3.2 9.1 2.6 23.5 30.6 8.5 9.1
501 - 700 14.3 10.3 13.0 5.7 0 0 6.4 10.5
701 — 1000 14.3 14.4 7.8 4.8 0 0 7.4 17.5
> 1001 35.8 65.7 57.1 85.3 11.8 51.8 9.7 39.5
n=14 $11,932 n=77 $104,142 n=17 $4,954 n=94 $33,507
Total Total Total Total
Place Bets Show Bets Plaets B Show Bets

Total Santa Anita BettingsE18$,074 Total Exhibition Park Betting = $8&1

3 Two of these bets haBX. > 120 and s = 0.

5. Making the System Operational

The calculations reported in Figures 1 and 2 wesderunder the assumption that the investor is
free to bet once all other bettors have placed thetis. In practice one can only attempt to be
one of the last bettord. There is a natural tradeoff between placing a tbet early and
increasing the inaccuracies and running the pdggibf arriving too late at the betting window
to place a bet® The time just prior to the beginning of a racestiscial since many bets are
typically made then including the so called “snmadney” bets made very close to the beginning
of the race so their impact on other bettors isirmized. It is thus extremely important that the
investor be able to perform all calculations neags$o place the bet(s) very quickly. Typically,
since tracks have neither public phones nor etsgtricalculation can at most utilize battery
operated calculators or possibly a battery operspedial purpose computer. Even if computing

2 The model as developed in this paper utilizesnefficiency in the place and show pools to yieldifiee profits.

An investor’s bets are determined by his wealtteleas well as the profitability of one or more sumdts. There
may or may not exist “enough” inefficiency to praeipositive profits for additional investors usegystem of this
nature. In the context of the Isaac’s model, fam tets with linear utility, Thrall (1955) showekat if there were
positive profits to be made and each new investas aware of all previous investor’s bets, thenpttedits for these
various bettors are shared and in the limit becapm®. It is likely that a similar result obtainsr fthe model
discussed here.

13 At some tracks, such as Santa Anita, betting pnelsisely at post time when the electric totalizamachines are

shut off. At other tracks including Exhibition Rabetting ends when the horses enter the stagtitey, that may be
2 or even 3 minutes past the post time.
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times were negligible, the very act of punchingha data needed for an exact calculation is too
time-consuming since it takes more than one mintiteerefore, in practice, approximations that
utilize a limited number of input data elements r@guired. Several types of approximations are
possible such as the tabular rules of thumb deeelopy King (1978) or the regression
procedures suggested here. Our procedure indiedtether or not a bet to place or show is
warranted and at what level using the followingheidata inputs:wo, Wi, Py, Q, S«, W, P and

S wherei* is ani for which (M/W)/(Pi/P) is maximized ang¥ is aj for which W/W)/(S/S) is
maximized. It is easy to determiifeandj*, particularly since* often equalg*, by inspection

of the tote board. The approximation supposesth®bnly possible bets areto place ang*

to show. The regressions, as given below, musiahbbrated to a given track and initial wealth
level. As a prelude to actual betting the regmessiwere calibrated at Exhibition Park fay =
$2500. For calculated, the expected return on a $1 bet to place is appaied by

EX? =0.39445+ 0.51338\’;’;*—;\2/ , R*=0.776 @)

If E)Zif >1.20, then the optimal bet to place is approximated by

p. = —45932+17156q. - 0.042518j, P - 74401¢’
+13791F +0.1024P, +49572Inw,, R’ =0.954 (8)

Similarly forj*, the expected return on a $1 bet to show is ajmiabed by

- W, /W )
EX; =064514+0.32806 .  R*=0650 (9)

]

If E)Zf >1.20, then the optimal bet to show is approximated by

s, =—66097-86769q,. +0.25933] .S+37152¢>
~0.19575, +77.014lnw,, ~ R*=0.970 (10)

All the coefficients in (7)-(10) are highly sigrefint at levels not exceeding 0.05. Utilizing the
equations (7)-(10), results in a scheme in whighdhta input and execution time on a modern
hand held programmable calculator is about 35 skxon

The results of utilizing this method on the Exhinit Park data with initial wealth of $2,500 are
shown in Figure 3, functions 1 and 2. Using thactxcalculations, yields a final wealth of
$5,197 while the approximation scheme has an evgheh final wealth of $7,698. The
approximation scheme leads to 63 more bets (173us€et1l) than the exact calculation. Since
these bets had a positive net return, the totdltppbthe approximation scheme exceeds that of
the exact calculation. Thus, it is clear that wmaild maximize profits with a cutoff rule below
the conservative level of 1.20. The size distitutof bets from the exact and approximate
solutions are remarkably similar; see Table 6 inst¢h, Ziemba and Rubinstein (1980).
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FIGURE 3. Wealth Level Histories for Exact and A@yimate Regression Betting Schemes; ExhibitiorkPar
1978 Season.

For place, there were 17 bets whé&®"® exceeded or equaled 1.20 of which 7 (41%) wethen
money. Only 2 of these 17 bets were not chosethéyegression. However 14 horses were
chosen for betting by the regressions even thohein ttrue” EX® was less than 1.20. Most of
these had “true’EX® values close to 1.20 and were favorites. Fouhe$e horses (29%) were
in-the-money. For show, there were 94 bets wikd(eexceeded or equaled 1.20 of which 52
(55%) were in-the-money. Only 8 of these were loaked by the regressions, while 59 bets
with “true” EX® values less than 1.20 were chosen by the regnsssiof these, 39 (66%) were
in-the-money.

The regression method is a simple procedure tleahseo work well. For example using it on
the Santa Anita data (without reestimating the faciehts) indicates that initial wealth of $2,500
would yield a final wealth of $8,104; see functi®nn Figure 1. Conceivably, there are many
possible refinements using fundamental informatibat could be added. Many of these
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refinements as well as discussion of the resultactfial betting will appear in a forthcoming
book by Ziemba and Hausch. One such refinemettiessupposition that the win market is
more efficient under normal fast track conditionsl dess efficient when the track is slow,
muddy, heavy, wet, sloppy, etc. Bets were mad&bof the 110 days at Exhibition Park; of
these, 57 days had a fast track. Using the reigregilds “fast track” bets of $32,501 returning
$38,364 for a net profit of $5,863. On the nonfdeys the regressions suggest bets of $17,180
returning $16,515 for a loss of $665. Hence tefsixement decreases the time spent at the track
and increases the net profit from $5,198 to $5,863.

6. Implementation and Reliability of the System

The model presented in this paper assumed thatamaeitilize the betting data that prevails at
the end of the betting period, siayo calculate optimal bets. In practice, howeesen with the
approximations given by (7)-(10), one requires akibd.5 minutes to physically calculate the
optimal bets and place them. Thus one can onlizaitbetting information fronr (= t —1.5).
Hence bets that were optimal miay not be as profitable at Some evidence by Ritter (1978)
seems to indicate that the odds on the expostifavait often decrease fromtot. In which
case, an optimal bet atmay be a poor bet &t Ritter investigated the systems: betibnf
(Pi+/PI(Wi+/W) < 0.7 and orj* if (S+/9/(W+/W) < 0.7. (For comparison equations (7) and (9)
indicate the more restrictive constraints 0.637@ @%912, respectively, instead of 0.7. The less
restrictive Ritter constraints yield about threeds as many bets as (7) and (9) indicate.) Using
a sample of 229 harness races at Sportsman’s Rdridavthorne Park in Chicago he found that
with $2 bets these systems gained 24% and 16%eatdeply. But a 15% advantage shrunk to —
1% if one uses thebets with a random shock over theo t period (for the show bets for the 95
races at Hawthorne with a 0.65 cutoff). There sme difficulties with the design of Ritter's
experiment, such as the small sample, the inclusfoonly $2 bets and the use of a random
shock rather than an estimate of usual trends fraot, etc.; however, his results point to the
difficulty of actually making substantial profits a racetrack setting.

An attempt was made during the summer 1980 ra@aga at Exhibition Park to implement the
proposed system and observe the “end of bettinglgm” Nine racing days were attended
during which 90 races were run. &t 2 minutes the win, place, and show data wererdec

on any horse that, through equations (7) and (8)ramted a bet. Equations (8) and (10) were
then used on this data to determine the regressstimates of the optimal bets. Updated
toteboard data on these horses were recordedtheatiénd of betting to determine if the horse
remained a system bet. Results of this experimenishown in Table 5 where: 1) an initial
wealth of $2,500 is assumed; 2) size of bet calimra are done on datatat 2 minutes; and 3)
returns are based on final data. Twenty-two betsewnade that yielded final wealth of $3,716
for a profit of $1,216. Actual betting was not @orbut making the calculations two minutes
before the end of betting, allows 1.5 minutes tcplthe bet, more than enough time. Note in
Table 5 that many systems betg at 2 were not system betstathowever, all had regression
expected returns of more than one.
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TABLE 5

Results from Summer 1980 Exhibition Park Betting

Regression Net return
estimate of Regression based on
expected estimate of final data
return per  expected Regression with
dollar, 2 return per estimate of optimal consideration
minutes dollar, at bet 2 minutes of our bets
before end the end of before end of affecting Final
Date Race of betting betting betting Finish odds wealth
$2,500
July 2 9 120 122 $19, SHOW ON 4 5-6-7 -$19 2,481
July 2 10 120 123 72, SHOW ON 8 8-1-2 72 2,553
July 9 7 121 110 292, SHOW ON 1 2-7-1 131 2,684
July 9 10 135 122 248, PLACEON 1 1-6-2 260 2,944
July 16 6 131 122 487, PLACE ON 9 9-8-6 536 3,480
July 16 6 139 117 292, SHOW ON 9 9-8-6 146 3,626
July 16 7 125 127 7, SHOW ON 1 5-2-8 -7 3,619
July 23 3 149 149 30, SHOW ON 22-10-7 92 3,711
July 23 4 139 134 573, SHOW ON 106-10-4 201 3,912
July 30 8 121 111 215, PLACE ON 4 4-1-5 129 4,041
July 30 9 123 125 591, SHOW ON 6 8-1-5 -591 3,450
Aug 6 6 128 112 39, SHOW ON 4 4-3-1 59 3,509
Aug 6 9 124 103 51, SHOW ON 2 4-1-3 -51 3,458
Aug 8 1 121 132 87, SHOW ON 11-10-4 139 3,597
Aug 8 3 127 111 635, SHOW ON 3 3-4-7 127 3,724
Aug 8 4 126 113 126, SHOW ON 2 2-7-1 82 3,806
Aug 11 8 121 112 94, SHOW ON 8 8-6-2 113 3,919
Aug 11 9 131 130 688, SHOW ON 5 5-3-4 138 4,057
Aug 13 3 128 106 33, SHOW ON 2 1-6-7 -33 4,024
Aug 13 6 131 122 205, SHOW ON 5 5-8-4 144 4,168
Aug 13 7 134 133 511, SHOW ON 6 8-5-9 -511 3,657
Aug 13 10 123 109 108, SHOW ON 5 3-5-1 59 3,716

An important question concerns the reliability loé tresults: are the results true exploitations of
market inefficiencies or could they be obtained@inby chance? This question is investigated
utilizing a simple model that was suggested toyarbanonymous referee. The first application
is concerned with an estimate of the probabilitgt tthe system’s theory is vacuous and indeed
that the observations conform to specific favora@denples from a random betting population.
The second application estimates the probabilitynot making a positive profit. The
calculations utilize the 1980 Exhibition Park dagee Table 5.

Let /7 be the probability of winning a bet in each taald
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Xi= {1 +wifthe betis won,
{0 otherwise,

be the return from a $1 bet in trial In n trials, the probability of winning at least 386 of the
total bet is

Pr{%(éxij—1> y} (11)

Assume that the trials are independent. SinceXithare binomially distributed, (11) can be
approximated by a normal probability distributia a

- \/ﬁ{y—(l+W)7T+1} (12)
@+wm/Q-m)lm

where ® is the cumulative distribution function of a standiN(O, 1) variable. The observed
probability of winning a bet, weighted by size @tlmade, yields 0.771 as an estimatezofif

the systems theory were vacuous and random betting actually being made then (Wy77=
0.83 since the track’s payback is approximately 83%he 22 bets made totaled $5,304 and
resulted in a profit of $1,216 for a rate of retwih22.9%. Using equation (12) with= 22,
gives 3 x 10 as the probability of making 22.9% through randmetting.

Suppose that the 1980 Exhibition Park results ssretypical system behavior &= 0.771 and
(2 +w)r=1.229. Im trials the probability of making a non-positivet neturn is

Pr{%(gxij—l< o} (13)

which can be approximated as

In@-@+wm | _ o
q{(l_w)n i = ®(-0.342/n). (14)

For n = 22 this probability is only 0.054 and far= 50 and 100 this probability is 0.008 and
0.0003, respectively. Thus it is reasonable tqesp that the results from the 1980 Exhibition
Park data (as well as the 1978 Exhibition Park E&3/1974 Santa Anita data with their larger
samples) represent true exploitation of a markeffimency.
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